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We show that third-order dispersion, filtering, and amplification in a fiber Bragg grating dispersion-managed
soliton system can lead to the formation of bound multisoliton solutions. We have found that these solutions
appear due to the presence of nonsymmetrical terms in the transfer function of chirped gratings. We present
an analytical approximation for the time delay of a chirped grating in the vicinity of the central frequency that
takes into account higher-order dispersion terms. We also study the tolerance of these newly found multisoli-
ton solutions to the presence of third-order dispersion in the fiber link and to random variations in the gratings
parameters due to manufacture or variations in the operating conditions. © 2001 Optical Society of America
OCIS codes: 060.0060, 060.2330, 050.2770, 060.5530, 050.0050.1. INTRODUCTION
Dispersion-managed solitons1–5 present a number of ad-
vantages that make them very attractive for long-haul
communication systems because they are now at the point
of becoming a viable commercial proposition.
Dispersion-managed solitons can exist when the average
network dispersion is near zero6 (or even positive), thus
reducing the Gordon–Haus jitter effect.7 Moreover, they
are more resistant than conventional solitons to the ef-
fects of polarization mode dispersion (PMD).8 Kumar
and Hasegawa9,10 introduced the concept of a quasi soli-
ton, a chirped soliton with Gaussian tails, which appears
in systems with periodic amplification and chirp recon-
struction. Kumar and Hasegawa,9 and Turytsin and
Mezentsev11 demonstrated that quasi solitons with strong
confinement and reduced interaction between neighbors
could be produced by using ideal fiber Bragg gratings
(FBGs) to periodically reverse the pulse chirp. In a re-
cent letter12 we presented a new kind of stable multipulse
with a short distance between peaks that appears in non-
ideal fiber Bragg grating dispersion-managed soliton sys-
tems with periodic chirp reconstruction. Chirped FBGs
present some interesting features as dispersion-
compensating devices. They can compensate for large
dispersion in a very short length. They are also compact
and passive, present low loss, and act as both dispersion
compensators and bandwidth filters, thus being able to
limit the undesired effects of sideband generation in soli-
ton dispersion-managed systems.13
Two conditions must be fulfilled for the formation of the
bound states. First, higher-order dispersion terms in the
grating-transfer function have to be big enough, and, sec-
ond, certain conditions for the bandwidth ratio between
the FBG and the signal must be satisfied. Given the rel-
evance of the higher-order dispersion terms, the presence
of third-order dispersion in the fiber link must have an
important influence in the formation of the bound states.
FBGs are sensitive to pressure, tension, and temperature
variations.14,15 The external conditions of a long-haul0740-3224/2001/091252-08$15.00 ©communication system can vary greatly from point to
point, thus altering the spectral response of the gratings.
Also, it is impossible to manufacture two identical FBGs.
Differences between the gratings in our system can have
a relevant repercussion on the formation of bound states,
so an analysis of the effect of small random variations of
the grating parameters on the formation of multisolitons
must be carried out.
We devote the present paper to these goals. We also
show in some depth the evolution of a multisoliton over a
single period and the mechanisms that lead to the forma-
tion of bound states. In the next section we present the
theoretical model employed in our study. Section 3 is de-
voted to the effect of third-order dispersion on the forma-
tion of the multisolitons, and Section 4 explores the effect
of the variation of the grating parameters.
2. THEORETICAL MODEL
For the propagation, we solve numerically the generalized
nonlinear Schro¨dinger equation16
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where z is the distance, E(z, T) is the complex slowly
varying amplitude of the electric field, g takes account of
the optical Kerr effect, G is the fiber loss, b2 is the second-
order dispersion parameter, and b3 is the third-order dis-
persion parameter that we will assume to be equal to zero
until the contrary is stated. The values adopted by all
the parameters in our simulation are given in Table 1.
We use a split-step Fourier method to simulate the propa-
gation with a step size of 2.5 km.16 The inclusion of the
third-order dispersion will have an important effect on
the formation of bound states as we will show in Section
3.2001 Optical Society of America
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chirped Gaussian pulses of peak power P, chirp C, and
temporal width T, spaced t0 ,
E~0, T !
5 P1/2(
k50
n21
expH F2~1 1 iC !~T 1 kt0!22T02 G 1 iFkJ , (2)
where Fk is a constant phase term, specific for each pulse.
FBGs are usually modeled in dispersion-management
analysis as having full reflectivity and a linear time-delay
response.11 Because this is a crude approximation, and
because typically 100 FBGs are needed to periodically re-
verse the chirp in a 10-Mm dispersion-managed propaga-
tion, slight deviations from this linear response may cu-
mulatively induce some important higher-order effects.
For these reasons we use a more accurate model and ob-
tain the reflectivity and time-delay profiles for the FBGs
from their coupled mode equations, which are written, in
Kogelnik’s notation,17 as
dR
dz
1 idR 5 2 ik~z !S expF2iFS zl D
2G , (3)
dS
dz
2 idS 5 ik~z !R expF iFS zl D
2G , (4)
where R and S, respectively, are the progressive and re-
gressive modes inside the grating, z is the length coordi-
nate, k(z) is the coupling coefficient that includes a
Gaussian apodization function with window parameter
12, F is the grating chirp parameter, l is the grating
length, and d is the frequency deviation with respect to
the Bragg frequency at the center of the grating (z
5 0). When these equations are numerically solved, the
reflectivity is given by uS/Ru2 and the time delay by the
first frequency derivative of the phase induced by the fi-
ber grating (i.e., the phase term in S/R). The reflectivity
and time delay obtained for a grating with l 5 4.78 cm,
k 5 4.28 cm21, and F 5 300, which compensates for the
second-order dispersion suffered in the 100-km fiber link,
like the ones employed in our simulations, appear in
Fig. 1.
We add random noise to the parameters of the FBGs,
which take the form Pi 5 ^Pi& 1 ri^Pi&, where i varies
from 1 to 3, being P1 5 L, P2 5 k, and P3 5 F. The
^Pi& are the mean expected values for the parameters,
and ri is a random factor uniformly distributed between
certain negative and positive values, given by the per-
centage of variation that we specify in each case. We
force each parameter to vary independently because all
relate to different physical magnitudes, and the experi-
Table 1. Parameters of the Simulation
Parameter Value
Nonlinear coefficient (g¯) 2 3 1023 km21/mW21
Fiber losses (G) 0.2 dB/km
Second-order dispersion coefficient (b2) 216 ps
2/km21
Input peak power (P) 25 mW
Initial pulse width (T0) 7.8 ps
Initial pulse separation (t0) 27.34 psmental error in each of them is not necessarily the same.
Within this approach we will be able to specify the system
tolerance to the variation of any of the three characteris-
tic parameters of linearly chirped FBGs.
Propagation takes place through distances of several
megameters divided in equal cells of 100 km. The signal
is initially chirped with a chirp equal to half the chirp pro-
duced by the group-velocity dispersion in 100 km of
propagation, but of the opposite sign, so it ideally reaches
the end of the first cell with a chirp inverse to the initial
one. The signal is then filtered with a linearly chirped
FBG, which compensates for the second-order dispersion
of the cell, and is amplified. The signal is expected to be
zero chirped at the midpoint of the cell. This scheme is
similar to the one proposed by Turytsin and Mezentsev11
to reduce quasi-soliton interaction and decrease the dis-
tance between neighboring pulses, though they used low-
power pulses and considered a simpler model for the grat-
ings. Each period differs from the previous ones only in
the FBG due to the random variation of its parameters.
Fig. 1. Reflectivity (dashed curve) and time delay (solid curve)
corresponding to one of the chirped FBGs used for periodic dis-
persion compensation.
Fig. 2. Evolution of a pulse pair with initial zero phase differ-
ence over a distance of 60 Mm.
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tween neighboring solitons in a two-dimensional phase
plane that they called the interaction plane. This repre-
sentation has been used by different authors for analyz-
ing the stability and general dynamics of multisoliton so-
lutions in different nonconservative optical systems19,20
and will be used extensively in this paper. When we use
this representation, two coordinates characterize the
pulse pairs in the plane: their relative phases and the
Fig. 3. Evolution of a pulse pair over a single period.distance between peaks. When a fixed point is reached
in the plane, it is indicative of the formation of a bound
state.
The propagation of a pair of pulses (n 5 2) with P be-
tween 20 and 29 mW, T0 at ;8 ps, and initial separations
of between 2 and 5 solitons leads to the formation of a
bound state of two solitons (see Fig. 2) with a separation
between peaks of ;29 ps and a peak power of ;25 mW,
which occurs with independence of the initial phase dif-
ference between solitons 0 and 1, F1 2 F0 . Bound
states of three or more solitons are also possible if we im-
pose certain initial conditions for the phase difference be-
tween solitons 0, 1, and 2, such as F1 2 F0 5 F2 2 F1
5 p, thus delaying the convergence to the bisolitonic
states, because they seem to be more stable and do not
combine with single pulses to form a trisoliton.12 The
stability of these bound solutions is ultimately limited by
the background instability that is due to the excess linear
gain introduced to compensate for the losses in the grat-
ings. Therefore we fix the input peak power of our pulses
to 25 mW, similar to power of the peaks in the bound
state. This input peak power is close to the peak power
of a mean soliton and is high enough to ensure an impor-
tant interaction between pulses.
The evolution of the signal in a single period during the
propagation through the 100-km fiber link is depicted in
Fig. 3. In order for the evolution to be adequately seen in
the figure a factor that corrects for the fiber losses has
been applied to the peak power of the signal. During aFig. 4. Evolution of the signal frequency during propagation.
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phase modulation, and losses, and becomes wider in the
spectral domain. On the other hand, pulses attract each
other and nearly merge at the end of the link, and the
peak power is reduced to 0.16 mW. The signal is then re-
constructed at the fiber grating, recovering its initial
chirp, and is amplified. Linearly chirped gratings
present low higher-order dispersion terms in their trans-
fer function that are responsible for an asymmetry in
their phase response. These effects can be strongly re-
duced by applying an appropriate apodization function
but may reacquire influence when many gratings are
used. Thus two competing effects change the signal si-
multaneously. The first effect is produced by the com-
bined action of these higher-order terms, together with
the nonlinear effects in the fiber link, and tends to asym-
metrize the signal.21 The second is the grating filtering
effect, which tends to symmetrize the signal. Both com-
peting tendencies reach an equilibrium after a certain
number of periods. Once this equilibrium is reached, the
shape of the pulses is approximately fixed, in both the
spectral and the time domain. In other words, only
slight oscillations appear around a given point of the in-
teraction plane. The case depicted in Fig. 2 corresponds
to a pulse pair that is already oscillating close to such a
stability point in the interaction plane.
The pulse asymmetrization in the frequency domain
can be observed in Fig. 4. This asymmetrization is not
random, but implies a global frequency displacement that
occurs mainly in the first 2000 km. After the first 5000
km the shape of the spectrum does not vary significantly,
presenting a clear central peak and two main sidelobes,
as well as a global displacement toward high frequencies.
This shape is maintained in the bound state. As distance
increases, some ripples appear in the spectrum that are
clearly observable at 10 000 km. These ripples can be
the effect on the spectrum of the noise produced by the
background instability that appears due to successive am-
plifications and the radiation generated by the higher-
order dispersion terms.22
It is important to note that two pulses initially sepa-
rated a distance equal to or higher than twice the dis-
tance between peaks in the multisoliton present a very re-
duced interaction and do not vary their distance along the
propagation.
3. THIRD-ORDER DISPERSION
Linearly chirped FBGs are usually considered, when one
is modeling dispersion management systems, devices
with linear time-delay profiles. Unfortunately real grat-
ings present ripples in their time delay23,24 that can be re-
duced only through a strong apodization. Because the
apodization increases the losses in the grating, it is usu-
ally necessary to find an equilibrium between the effect of
the losses and the influence of the ripples.
K. Ennser et al.25 used a sinusoidal model for the time-
delay ripples and studied the effect of these ripples on
second-order dispersion compensation. This approxima-
tion does not consider the characteristic variation of the
period of the ripples with the frequency, but considersthat the phase-tranfer function of the grating is symmet-
ric, and does not introduce dispersive terms of odd order.
A more accurate approximation can be reached if we
consider a linear variation for the period of the ripples
with the frequency deviation (see Fig. 5),
t6~v! 5 a1v 1 a2 1 b sinF 2p
7 VFp0
~v 7 VF!vG , (5)
where p0 is the period of the ripples at v 5 0 and VF is
the effective spectral width of the grating as a filter. The
sign 6 refers to the two possible directions of increase for
the period variation. In the positive case (t1), the period
increases with the frequency deviation v, whereas in the
negative case (t2) it decreases with v. Under this ap-
proximation, changing the orientation of the FBG corre-
sponds to changing the sign of a1 , and switching between
the cases (1) and (2) or vice versa.
Under this model, as in a real grating, the delay intro-
duced by the grating in a given direction cannot be ex-
actly compensated by the delay introduced in the other
one.
The phase transfer functions for the cases (1) and (2)
are, respectively,
u1~v! 5 E t1~v!dv
5 c 1 a2v 1
a1
2
v2
1 b~ p0VF!
1/2C¯F 2v 2 VF
~ p0VF!
1/2GsinS pVF2p0 D
2 b~ p0VF!
1/2S¯F 2v 2 VF
~ p0VF!
1/2GcosS pVF2p0 D , (6)
u2~v! 5 E t2~v!dv
5 c 1 a2v 1
a1
2
v2
2 b~ p0VF!
1/2C¯F 2v 1 VF
~ p0VF!
1/2GsinS pVF2p0 D
1 b~ p0VF!
1/2S¯F 2v 1 VF
~ p0VF!
1/2GcosS pVF2p0 D , (7)
where S¯ and C¯ are the Fresnel integrals of sine and co-
sine respectively:
S¯~x ! 5 S p2 D
1/2E
0
x
sin t2dt, C¯~x ! 5 S p2 D
1/2E
0
x
cos t2dt.
(8)
This phase is asymmetric and leads to a net displacement
of the frequency of the filtered signal.
If we expand these phase functions in Taylor series
around v0 , we obtain, for small displacements,
u1~v! ’ u0 1 a2v 1
1
2 S a1 2 2pbp0 Dv2 2 2pb3p0VF v3,
(9)
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1
2 S a1 2 2pbp0 Dv2 1 2pb3p0VF v3,
(10)
where u0 groups all the constant terms,
u0 5 c 1 b
~ p0VF!
1/2
2 F cosS pVF2p0 D S¯S VFp0 D
1/2
2 sinS pVF2p0 D C¯S VFp0 D
1/2G . (11)
From this expression we can extract the term correspond-
ing to the third-order dispersion, C3(v)6 ,
C3~v!6 5 7
2pb
3p0VF
v3. (12)
This term can be expressed in the usual notation for the
third-order dispersion in a segment of fiber, if we take
into account that
C3~v!6 5
b368
6
Lgv
3, (13)
where Lg is the grating length. Thus
b368 5 7
4pb
p0VFLg
(14)
will be the third-order dispersion of the grating, consid-
ered as a segment of dispersive fiber, in the proximities of
the central frequency. The sign of the third-order disper-
sion around the central frequency is negative if the period
of the ripples increases with v, and positive otherwise.
This term grows with the amplitude of the oscillations. A
strong apodization reduces the amplitude of the ripples,
b, and thus every third- or higher-order dispersion term
in the chirped FBG.
The mechanism that leads to the formation of the mul-
tisoliton bound states seems to depend critically on the
presence of higher-order dispersive terms in the grating-
transfer function, which are responsible for the signal
assymetrization.21 Thus third-order dispersion in the fi-
ber link should have a high influence on the formation of
Fig. 5. Time delay of a FBG under the approximation of period
variation for the ripples (thin curve), and numerically obtained
from the coupled mode equations (thick curve). The simulated
time delay is vertically displaced for comparison.the multisolitons. The sign of the dispersive term intro-
duced by our gratings at the central frequency of the sig-
nal is, following the criterion presented in the previous
section, positive. It is responsible, together with the non-
linear effects, for a net displacement of the central fre-
quency of the signal to higher frequencies.
Typical values for b3 on dispersion-shifted fibers
26 are
;0.06 ps3/km. We have studied the formation of bound
states under different values of b3 , both negative and
positive. Values of b3 between 20.04 and 10.05 do not
prevent the formation of the multisoliton state, while val-
ues higher than 0.05 and lower than 20.04 break the nec-
essary equilibrium for the formation of the bound state,
though they act in a different manner. A high positive b3
leads to the collapse of a pair of pulses after a long propa-
gation distance (in general, longer than 30 Mm), reducing
the distance between them to zero. On the other hand, a
highly negative b3 is responsible for a gradual increase of
the pulse separation that eventually prevents the forma-
tion of the bound state due to the lack of interaction.
In Fig. 6 we show the evolution in the interaction plane
of a pair of solitons for b3 5 0.063 ps
3/km21 and b3
5 20.063 ps3/km21 for a propagation distance of 60 Mm.
This distance is not reached in the case of positive propa-
gation, due to the previous collapse of the signal.
Positive values of b3 under 0.02 ps
3/km21 reduce the
propagation distance necessary for the formation of a
bound state, so we can deduce that the third-order disper-
sion introduced by the gratings is slightly lower than that
most suitable for the formation of the bisoliton state. By
varying the third-order dispersion of a system initially
not suitable for the formation of multisoliton states, we
Fig. 6. Evolution in the interaction plane of a pulse pair, ini-
tially identical and in phase, with b3 5 20.063 ps
3/km (continu-
ous curve) and b3 5 0.063 ps
3/km (dotted curve). The common
origin of both trajectories is marked in the figure with a black
dot. The open square signals the situation for the b3 , 0 case
at 60 Mm, while the open circle shows the situation for the case
b3 . 0 at 36.4 Mm, just before the collapse of the signal. r and
u are, respectively, the time distance and the phase difference be-
tween peaks.
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even accelerate the formation of bound states in a system
that can initially bear them.
4. EFFECTS OF RANDOM VARIATION
Random variation of the FBGs’ parameters is introduced
to simulate the experimental differences between grat-
ings in the fiber link. First, we analyze variation of the
parameters alone, and then we will study the combined
effect of this variation with the presence of third-order
dispersion in the fiber link.
The system presents different tolerance to the varia-
tion of each of the three parameters, but is, in general, ro-
bust to such variations. Though it may seem surprising,
small oscillations of the parameters are beneficial for the
formation of the bound state and accelerate the bounding
process. This is typical of some systems near the equilib-
rium, because the oscillations help soliton pairs avoid lo-
cal stability points on the way toward the absolute mini-
mum of potential. Table 2 summarizes the different
ranges of beneficial (B), negative (N), and destructive (D)
effects variation of the parameters has on the formation
of the bound state. We consider the variation beneficial
if it accelerates the formation of the bound state, negative
if it produces a delay of the formation, and destructive if it
prevents the formation of the bound state. These ranges
are extremely dependent on the mean grating, so only
general information on the tendencies can be obtained
from the table. The table has been created taking into
account the variation of each of the parameters sepa-
rately. A simultaneous variation can still produce a ben-
eficial result only if it is not much greater than 1%, but
produces a highly negative or deleterious result if greater.
These ranges can be modified by any change in the sys-
tem’s operating conditions, such as the presence of third-
order dispersion in the fiber link.
Table 2 shows that the system is more sensitive to
length variations. This is not surprising, because the
grating-transfer functions are also more sensitive to
length than to any other parameter. Relatively large
variations of the coupling parameter k lead to an instabil-
ity in the distance between pulses, while similar varia-
tions on the chirp parameter F produce an instability in
the relative phases. Length variations affect the conver-
gence in a global manner, contributing to instabilities
both in the relative phase and in the distance between
Table 2. Robustness Against Grating Parameter
Variationsa
Variation L k F
0.01 B B B
0.02 N B N
0.03 N N N
0.04 N N N
0.05 D N N
0.06 D D D
0.07 D D D
a B, beneficial influence; N, negative influence; and D, destructive influ-
ence.pulses. Figures 7, 8, and 9 show the evolution in the in-
teraction plane for a pair of pulses with independent
variations of 5% for each parameter. In none of the three
cases does the initial pulse pair converge to a stable solu-
tion. This happens independently of the initial separa-
tion between pulses.
The most realistic case for our system, in which we con-
sider a typical third-order dispersion in the fiber link and
slight variations of the grating parameters, is appropriate
for the formation of bound states. Though, as mentioned
above, values of b3 near 0.06 ps
3/km21 prevent the forma-
tion of the bound state if no variation of the parameters is
considered, the inclusion of such variations partially
counteracts the effect of third-order dispersion, making
the convergence possible.
Fig. 7. Evolution of a soliton pair in the interaction plane
through 60 Mm with a random variation of the grating length of
up to 5%. The black dot represents the origin, while the open
circle represents the situation at a distance of 60 Mm.
Fig. 8. Same as Fig. 7, but with a random variation of the grat-
ing coupling constant k of up to 5%.
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of a pair of pulses for the case b3 5 0.063 ps
3/km21, with
a random variation of the parameters of 1% for L and F,
and 1.5% for k.
The variation of the coupling parameter k is slightly
out of the beneficial range stated for a simultaneous
variation of the three parameters in the absence of third-
order dispersion in the link. In this case, due to the pres-
ence of third-order dispersion, pulses tend to collapse, and
the instability in the distance between pulses caused by
the variation of the coupling becomes more useful than it
was in the absence of third-order dispersion, thus helping
to avoid the destruction of the signal.
Fig. 9. Same as Fig. 7, but with a random variation of the grat-
ing chirp parameter F of up to 5%.
Fig. 10. Evolution in the interaction plane of a pulse pair
through 60 Mm for the case b3 5 0.063 ps
3/km21 with a random
variation of 1% for L and F and of 1.5% for k. The origin is rep-
resented with a black dot, r0 and u0 are the coordinates of the
bound state.5. CONCLUSIONS
Multisoliton pulses are naturally generated in nonideal fi-
ber Bragg grating dispersion-managed systems due to the
presence of asymmetric terms in the transfer function of
the gratings. The inclusion of a full grating model is nec-
essary to explain the effects that lead to the formation of
bound states. The shape of these states, with a fixed dis-
tance between peaks, sets a limit to the bit capacity of the
channel at distances of several megameters. The dis-
tance between peaks in the bound state is shorter than
the distance between traditional or dispersion-managed
neighboring interacting solitons. Because two solitons
initially set at twice the peak distance of the bound state
do not interact in an appreciable manner, these bound
states can be used to increase the capacity of the channel.
The formation of bound states depends on the mean third-
order dispersion introduced by the different devices
through the propagation. This property should be con-
sidered in any possible design or modification of a given
system with the intention of using the new bound states.
High values for the third-order dispersion in the fiber
link, both positive or negative, can prevent the formation
of the bound state.
The differences between the transfer functions of sup-
posedly identical fiber Bragg gratings employed in the for-
mation of multisoliton states can be beneficial for the for-
mation of such states. In our system, this happens if the
simultaneous variations of all the parameters are not
higher than 1%, though the system is more sensitive to
length variations than to changes in the coupling param-
eter k or the chirp parameter F. The ranges of beneficial
influence of the parameters’ variation are dependent on
the system conditions. Variations greater than 1% of the
gratings’ parameters can hamper or prevent the forma-
tion of bound states.
The formation of a bound state under realistic values
for the third-order dispersion in the fiber link is possible
in combination with slight random variations of the grat-
ings’ parameters.
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